The local geometry of the parameter space of a quantum system is described by the quantum metric tensor and the Berry curvature, which are two fundamental objects that play a crucial role in understanding geometrical aspects of condensed matter physics. We consider classical integrable systems and report a new approach to obtain the classical analogs of the quantum metric tensor and the Berry curvature. An advantage of this approach is that it can be applied to a wide variety of classical systems corresponding to quantum systems with bosonic and fermionic degrees of freedom. Our approach arises from the semiclassical approximation of the Berry curvature and the quantum metric tensor in the Lagrangian formalism. We also exploit this semiclassical approximation to establish, for the first time, the relation between the quantum metric tensor and its classical counterpart. We illustrate and validate our approach by applying it to five systems: the generalized harmonic oscillator, the symmetric and linearly coupled harmonic oscillators, the singular Euclidean oscillator, and a spin-half particle in a magnetic field. Finally, we mention some potential applications of this approach and possible generalizations that can be of interest in the field of condensed matter physics.
I. INTRODUCTION
The Berry curvature [1] has become one of the fundamental concepts in modern physics. It is a geometrical property of quantum states, that gives rise to a geometric (Berry) phase when the system undergoes an adiabatic evolution along a closed path in the parameter space. The Berry curvature, which was initially used to study the anomalous Hall conductivity [2, 3] , has recently acquired a growing interest in the field of condensed matter [4] [5] [6] . For instance, in crystalline solids, where the parameters are the crystal momentum, the Berry curvature is well recognized as an intrinsic property of the band structure [4] . Another fundamental concept, which is related to the Berry curvature, is the quantum metric tensor [7] . This metric is also a geometrical property of quantum states and provides a measure of the distance, on the parameter space, between two quantum states with infinitesimally different parameters. Among the full range of applications, the quantum metric tensor is used for detecting the presence of quantum phase transitions [8] [9] [10] [11] [12] and also plays an essential role to extract topological charges of tensor monopoles in condensed matter physics [13, 14] . Although the quantum metric tensor and the Berry curvature are two completely different objects, they turn out to be part of the same geometrical structure: the quantum geometric tensor. Specifically, its real part is the quantum metric tensor, and its imaginary part corresponds to the Berry curvature.
Recently, in the context of the holographic principle, it has been proposed [15] (see also [16, 17] ) a Lagrangian approach to compute the quantum metric tensor through Euclidean path integrals. This idea was taken further in Ref. [18] , where it was shown that such an approach can be extended to obtain the quantum geometric tensor. In contrast to the standard Hamiltonian approach, the Lagrangian approach involves perturbations of the Lagrangian in the parameter space rather than perturbations of quantum states, which makes it suitable not only for quantum field theories but also for systems where the exact solution is not available [19] .
On the other hand, in the context of thermodynamic systems, the classical counterparts of the quantum metric tensor were introduced in the seminal works of Weinhold [20] and Ruppeiner [21] , and were subsequently implemented in the broader frame known as geometrothermodynamics [22] . In the framework of classical integrable systems (those for which it is possible to introduce actionangle variables), both the Berry curvature and the quantum metric tensor have a counterpart. The classical analog of the Berry curvature is the curvature of the Hannay connection [23] , which brings about an extra (Hannay) angle picked up by the angle variables when the system performs a closed adiabatic loop in the parameter space. The semiclassical relation between the Berry phase and the Hannay angle was given in Ref. [24] and verified in a variety of systems (see Refs. [25, 26] , for instance). An alternative derivation of such a semiclassical relation by using coherent states was provided in Ref. [27] . In the case of the quantum metric tensor, its classical analog was recently introduced in Ref. [28] and corresponds to a classical metric in the parameter space that measures the distance between two points in phase space with infinitesimally different parameters. The essential element involved in the classical metric is the generating function of the canonical transformation that infinitesimally shifts the phase space variables with respect to the parameters of the Hamiltonian. An important property of this clas-sical metric is that it produces the same (or almost the same) parameter structure of the quantum metric tensor, modulo a Bohr-Sommerfeld quantization rule for action variables [28] .
In this paper, we consider classical integrable systems and propose a new approach to compute the classical analogs of the quantum metric tensor and the Berry curvature, which relies on the Lagrangian formalism. We achieve this by performing the semiclassical approximation of the quantum geometric tensor in the Lagrangian approach, which allows us to obtain new expressions for the classical metric introduced in Ref. [28] and the curvature of the Hannay connection. The new expressions involve averages over classical variables (the angle variables), and it is in this context that we use the term "classical" throughout this work. An advantage of our approach is that it does not require the generating function considered in Ref. [28] and, therefore, can be applied to a wide range of systems, including those where such a function is unknown. Furthermore, we extend our classical approach to consider fermionic systems, by including classical Grassmannian variables [29, 30] . In this paper, we also point out the semiclassical relation between the quantum and classical metrics. This result, together with that of Berry in Ref. [24] , completes the set of semiclassical relations between the quantum structures and their corresponding classical analogs in the framework of classical integrable systems. We illustrate and corroborate our approach and the semiclassical relation in five examples, obtaining the expected results.
The structure of the paper is the following. In Sec. II we describe the Lagrangian approach proposed in Ref. [18] to calculate the quantum metric tensor and the Berry curvature from the quantum geometric tensor. In Sec. III we carry out the semiclassical approximation to the quantum geometric tensor to obtain the classical counterparts of the quantum metric tensor and the Berry curvature. In Sec. IV we apply our approach to compute the classical metric and curvature in five systems. The first system is the archetypal generalized harmonic oscillator, for which the classical metric and curvature are well known [28] . The second one is a system of symmetric coupled harmonic oscillators, which has been used in the study of quantum entanglement [31] [32] [33] and circuit complexity [34, 35] . The third system considered is that of linearly coupled harmonic oscillators, which can also be found in the study of quantum entanglement [36] [37] [38] . The next system analyzed is the singular Euclidean oscillator, which plays the role of the confinement potential in quantum ring models [39] . The final system studied is a particle with spin 1/2 in a magnetic field, which has served as a prototypical example to illustrate the appearance of the Berry phase [1] and the Hannay angle [29, 30] . In this example, we extend our approach to fermionic systems using classical Grassmannian variables. In each model, we compare the classical results with the quantum counterparts. To conclude, Sec. V presents final remarks and explores some new directions for further work.
II. QUANTUM METRIC TENSOR AND BERRY CURVATURE: LAGRANGIAN FORMALISM
In this section, we recall some basic aspects on the quantum metric tensor and the Berry curvature in the Lagrangian formalism. Here, we follow the description introduced in Ref. [18] . Consider a quantum system that during the Euclidean time interval τ ∈ (−∞, 0) is represented by a path integral with the Lagrangian L(q(τ ),q(τ ); x), where q(τ ) = {q a (τ )} (a, b, . . . = 1, . . . , n) are the configuration variables and x = {x i } (i, j, . . . = 1, . . . , N ) is a set of N ≥ 1 parameters, that parametrize an N -dimensional parameter space M. Let us now assume that at time τ = 0, the system is subject to an adiabatic perturbation arising from a small change of the parameters x → x ′ = x + δx, so that for the Euclidean time interval τ ∈ (0, ∞), the system is described by the perturbed Lagrangian
are the Lagrangian deformations. Throughout the paper, we use the notation ∂ i := ∂/∂x i .
Let |ψ 0 and |ψ ′ 0 be the ground states for the original and deformed systems, respectively. Then the fidelity is defined by
and gives a measure of the change of the system by turning on the deformations. In the path-integral formalism, the series expansion of the fidelity leads to F(x, x+dx)
is the quantum geometric tensor. Here, · 0 denotes the (functional) expectation value with respect to the undeformed Lagrangian L, namely
where Z 0 is a normalization. It must be noticed that the undeformed system already contains all the "interactions" associated to the parameters x.
Assuming time-reversal symmetry for the two-point functions, i.e.,
ij (x) arises from the real part of Eq. (2):
whereas the Berry curvature F (0) ij (x) corresponds to the imaginary part:
where [·, ·] + and [·, ·] − stand for the anticommutator and the commutator, respectively.
III. CLASSICAL COUNTERPARTS OF THE QUANTUM METRIC TENSOR AND THE BERRY CURVATURE
The aim of this section is to derive the classical counterparts of the quantum metric tensor (4) and the Berry curvature (5) for classical integrable systems. Before presenting the derivation, it is convenient to perform a Wick rotation to real time, τ → it, and write the operatorŝ O i (t) in terms of the phase space operators,q = {q a } andp = {p a }, aŝ
whereĤ(q(t),p(t); x) is the Hamiltonian of the system for the real time interval t ∈ (−∞, 0). Notice that we are working in the Heisenberg representation. By integrating the Heisenberg equations for the operatorsq(t) andp(t) with the initial conditionsq(t = 0) =q 0 andp(t = 0) = p 0 whereq 0 andp 0 are the usual position and momentum operators (those in the Schrödinger representation), we can expressq(t) andp(t) in terms ofq 0 ,p 0 and time. This allows to define the operator
and write the expectation values involved in Eqs. (4) and (5) in the following alternative way:
where dq 0 ≡ n a=1 dq a 0 and ψ 0 (q 0 ; x) ≡ q 0 |ψ 0 (x) is the (normalized) wave function.
We begin the derivation by considering the semiclassical approximation to the wave function ψ 0 (q 0 ; x) [40, 41] :
with
Here, S (α) (q 0 , I 0 ; x) is the multivalued generating function of the canonical transformation from (q 0 , p 0 ) to the (initial) action-angle variables (ϕ
} and I 0 ≡ I(t) = {I a }, and α labels different branches of S (α) (q 0 , I 0 ; x). Plugging the wave function (9) into Eqs. (8a) and (8b), and bearing in mind that terms corresponding to different branches α exhibit a strongly oscillating behavior, we have, respectively,
where O( ) and O ± ( ) denote terms at least linear in . In the case of bosonic operators, we arrive at the classical limit by replacing
∂q0 by p ,
To achieve the case with fermionic operators, we have to replace the anticommutators by the corresponding Poisson brackets and the commutators by appropriate products. Restricting our derivation to the case of bosonic operators and treating O( ) and O ± ( ) as small compared to the remaining terms in Eqs. (11a) and (11b), the expectation values become
Next, we make ϕ 
where
, is the average of f (ϕ 0 , I; x) over the angle variables ϕ 0 .
At this point, it is not difficult to realize that the classical functions λ i (t, q 0 , p 0 ; x) are given by (15) where
with H(q(t), p(t); x) being the classical analog of the operatorĤ(q(t),p(t); x), and the classical variables q(t) and p(t) have been expressed in terms of q 0 = q(t = 0), p 0 = p(t = 0) and time by solving the Hamilton equations of motion. Clearly, an alternative expression for O i (t) in terms of q(t) andq(t) is given by Eq. (1).
Substituting Eqs. (14a) and (14b) into Eq. (4) (after a Wick rotation τ → it), we arrive at
is the classical analog of the quantum metric tensor (4). Since we have considered classical integrable systems, this implies that Eq. (18) is an alternative expression of the classical metric proposed in Ref. [28] , and as such provides a measure of the distance, on the parameter space, between two points in phase space corresponding to infinitesimally different parameters. The advantage of the metric (18) over the metric introduced in Ref. [28] is that it does not require for its calculation the knowledge of the generating functions G i (q, I; x) := −(∂ i S (α) ) q,I , which are not always easy to determine. Notice that Eq. (17) provides the semiclassical relation between the quantum metric tensor and the classical metric, and its validity is limited to the case of classical integrable systems. Furthermore, it should be pointed out that the relation (17) does not hold in the presence of quantum anomalies that may result from the particular form of the operatorsλ i (t), which in turn depend on the Hamiltonian. We will see this through examples. One way to anticipate the presence of such quantum anomalies would be the appearance of loop diagrams in the computation of Eq. (4) [19] . Nevertheless, this issue requires further investigation and is beyond the scope of the present study.
Inserting Eq. (14c) into Eq. (5) (after a Wick rotation), we obtain
is the classical analog of the Berry curvature (5). This entails that Eq. (20) is actually the curvature of Hannay's connection, and can be used to calculate the Hannay angle. On the other hand, Eq. (19) is precisely the semiclassical relation between the Berry curvature and Hannay's curvature established by Berry in Ref. [24] . Note that while relation (19) for the curvatures involves the factor 1/ , the analogous relation (17) for the metrics involves the factor 1/ 2 . The origin of these different factors can be traced back to the fact that in the former case the replacement of the commutators by the Poisson brackets introduces , while in the latter case the corresponding replacement of the anticommutators does not.
Finally, it can be checked that Eqs. (18) and (20) are invariant under the (gauge) canonical transformation
where λ(I; x) is an arbitrary function of the actions I and the parameters x. Note that, in the quantum setting, this is analogous to the invariance of the quantum metric tensor and the Berry curvature under a phase transformation.
IV. ILLUSTRATIVE EXAMPLES A. Generalized harmonic oscillator
It is instructive to illustrate and corroborate the results of the previous section in a well-known example. Let us take the generalized harmonic oscillator, which is described by the classical Hamiltonian
or by the Lagrangian
are the adiabatic parameters and ω := (XZ − Y 2 ) 1/2 is the angular frequency of the system. The corresponding functions O i (t) obtained from either Eq. (22) or Eq. (23) are
where p = 1 Z (q − Y q). Next, we need to express these functions in terms of time t and the initial conditions q 0 = q(t = 0) and p 0 = p(t = 0). With this in mind, we write the solution for the variables (q, p) as follows:
Then, substituting (25a) and (25b) into (24a)-(24c), we arrive at the functions λ i (t):
Furthermore, the initial conditions (q 0 , p 0 ) in terms of the action-angle variables (ϕ 0 , I) read
Having obtained the functions λ i (t), we proceed to calculate the classical metric (18) . Substituting Eqs. (27a) and (27b) into Eqs. (26a)-(26c) and defining
2π 0 dϕ 0 f , the averages involved in Eq. (18) lead to
Eq. (18) and using
we find the classical metric g ij (I; x):
which is exactly the same as that obtained in Ref. [28] by using the classical metric that involves generating functions. This corroborates our claim above that Eq. (18) yields the same results of the metric introduced in Ref. [28] . We can also compare Eq. (30) with the quantum metric tensor for the ground state obtained by using Eq. (4) (we refer the reader to Ref [18] where the computations are done):
Thus, both metrics (30) and (31) have the same parameter structure. Furthermore, by using the identification I 2 = 2 , it is readily seen that they satisfy the relation (17) .
We now turn to the calculation of the curvature (20) . It follows from Eqs. (26a)-(26c) that the average of the nonequal-time Poisson brackets among the functions λ i (t) with respect to the initial conditions (q 0 , p 0 ) are
Then, plugging these expressions into Eq. (20) and using Eqs. (29a) and (29b), we arrive at the components of the classical curvature
The components (33) are precisely those found in Ref. [28] via the use of generating functions (see also Ref. [24] ). Furthermore, in the quantum case the components of the Berry curvature for the ground state coming from Eq. (5) are (see Ref [18] ):
By comparing (33) and (34), and taking into account the Bohr-Sommerfeld quantization rule for action variable I = /2, it is direct to check that these curvatures satisfy the relation (19) . Hence, in this example, besides showing the applicability of Eqs. (18) and (20), we have verified that these expressions yield the expected results for the classical metric and curvature.
A final remark is that to make contact with the quantum results, we have seen that different powers of the action variable must be quantized differently. Actually, this feature will appear in all our illustrative examples. The reason is that the computation of the expectation values in the quantum metric naturally incorporates loop diagrams [19] , and since that is a purely quantum effect, we must postulate a different quantization rule for superior powers of I. In any case, if this empirical quantization rule were not taken into account, the quantum and classical metrics would only differ by a global numeric factor, although their parameter dependence would be identical.
B. Symmetric coupled harmonic oscillators
We now want to illustrate our approach by applying it to a system with two degrees of freedom. Since many physical models are based on coupled oscillators, we have chosen as our second example the system consisting of two coupled harmonic oscillators described by the Hamiltonian
are the adiabatic parameters. In particular, this system has been widely used to clarify the physical basis of quantum entanglement [31] [32] [33] 42] and gain some intuition towards circuit complexity [35] .
From Eq. (35), it is clear that the associated functions
For our purposes, it is convenient to introduce the transformation
which allows us to write the Hamiltonian (35) as H =
are the frequencies of the uncoupled oscillators. The new coordinates as functions of time read
where Q a0 = Q a (t = 0) and P a0 = P a (t = 0) are the initial conditions. With this at hand, the functions λ i (t), in terms of Q 0 = {Q a0 }, P 0 = {P a0 } and time, turn out to be λ 1 (t) = 1 2
Furthermore, since the system is separable in the new coordinates, we can easily write the initial conditions in terms of the action-angle variables (ϕ 0 , I):
We are now ready to compute the classical metric (18) . By plugging Eq. (41) into Eqs. (40a) and (40b) and defining
dϕ 20 f , the averages appearing in Eq. (18) become
with t 12 = t 1 − t 2 . Inserting these expressions into Eq. (18) and using Eq. (29a) (with ω a instead of ω), the classical metric tensor g ij (I; x) turns out to be g ij (I; x) = 1 32
and its determinant is det[g ij (I; x)] = I 
This decomposition is a feature of the system under consideration and is not always possible for entangled systems, as we will see in the example given in the next subsection. On the other hand, we remark that each action variable I a in Eq. (44) is associated with an independent mode of the system, not a particular (coupled) oscillator. This means, since each normal mode involves both coupled oscillators, that the classical metric (44) cannot not be factored into single-particle terms, and hence it may capture some properties of entanglement.
At
for which the corresponding operatorsÔ i (t) arê
Using a transformation analogous to (37a), these operators take the form
whereQ a (t) in terms of the annihilation and creation operators,b a (t) andb † a (t), read
with the frequencies ω 2 1 = k and ω 
Thus, plugging these results into Eq. (4) and integrating, we find the quantum metric tensor
ij (x) = 1 32
which has a nonvanishing determinant, det[g
By comparing Eqs. (43) and (50), it is straightforward to see that both metrics have exactly the same dependence on the parameters of the system. Furthermore, with the identifications I 2 , it is not hard to verify that they satisfy the relation (17) .
Let us now compute the classical curvature (20) . From Eqs. (40a) and (40b), the average over the angle variables of the non-equal-time Poisson Brackets among λ 1 (t 1 ) and λ 2 (t 2 ) with respect to (Q 0 , P 0 ) gives
which, together with (29b) (with ω 2 instead of ω), implies that the classical curvature (20) vanishes, F 12 (I; x) = 0.
In the quantum case, the quantum geometric tensor turns out to be purely real, from which it follows that the Berry curvature (5) vanishes, F (0)
12 (x) = 0. Therefore, the classical and quantum curvatures lead to the same result.
We see from this example that all the information contained in the parameter space of the quantum system is encoded in the parameter space of the associated classical system. This is a non-trivial result and suggests, motivated by the geometric characterization of quantum entanglement by using the Fubini-Study metric [43, 44] , that the classical metric might also carry information about entanglement. This contrasts with the common idea that entanglement is a quantum phenomenon that is absent in classical systems.
C. Linearly coupled harmonic oscillators
We now turn to an example where the semiclassical relation (17) is not satisfied. Consider the case of two coupled harmonic oscillators described by the Hamiltonian
where x = {x i } = (A, B, C) (i, j, . . . = 1, 2, 3) are the adiabatic parameters, which are assumed to satisfy A = B. This system has also been extensively studied in the context of quantum entanglement [36] [37] [38] . For instance, it has been shown that for certain parameters it exhibits a very large quantum entanglement [38] . It is worth noting that the Hamiltonian (35) is not a particular case of Eq. (52), and hence the results of the preceding action cannot be obtained from the results presented below.
From (52) , it is straightforward to see that the func-
To better deal with these functions, let us consider the transformation
where tan α = 
Now, for the new coordinates we have
where the initial conditions Q a0 = Q a (t = 0) and P a0 = P a (t = 0) in terms of the action-angle variables (ϕ 0 , I) are
sin ϕ a0 , P a0 = (2ω a I a ) 1/2 cos ϕ a0 . (57) We can readily obtain the functions λ i (t) in terms of Q 0 = {Q a0 }, P 0 = {P a0 } and time by plugging Eq. (56) into Eq. (55), so we do not write them here. We now proceed to calculate the classical metric (18). Using f = 
where t 12 = t 1 −t 2 . Substituting (58) into (18) and taking into account (29a) (with ω a instead of ω) together with
we obtain the classical metric
Notice that, as compared with Eq. (44), this metric has the extra term proportional to the product I 1 I 2 and, because of that, it cannot be separated in terms corresponding to the two uncoupled oscillators. Explicitly, the metric (60) reads g ij (I, x) = 1 32
and ν := sin 2α =
. It is worth noting that this metric has a nonvanishing determinant, det[g ij (I; x)] = (ω (60) with that coming from the quantum metric tensor (4). In the quantum setting, the Hamiltonian operator of the system readŝ
and the quantum operatorsÔ i (t) arê
By following a procedure analogous to that used for Eq. (55), these operators can be written aŝ
where the operatorsQ a (t) in terms of the creation and annihilation operators are given by Eq. (48), but with the frequencies ω 
Then, substituting this result into Eq. (4) and integrating, we arrive at
By using the Bohr-Sommerfeld quantization rule I 1 = I 2 = /2 and the identifications I 2 , we find that the metrics (60) and (69) satisfy the relation
instead of the relation (17) . Note that the second term in Eq. (70) depends on the parameters of the system, and hence in this case the classical metric (18) does not yield the full parameter structure of the quantum metric tensor (4). The second term in Eq. (70) is a consequence of a quantum anomaly [45] , that arises due to the ordering of the operators in the following expectation values:
whose classical counterparts are zero:
Now, we shall compute the classical curvature (20) . Using the corresponding functions λ i (t), the average with respect to the angle variables of the non-equal-time Poisson Brackets in Eq. (20) gives
Then, substituting Eq. (58) into Eq. (20) and using
we finally obtain that the classical curvature vanishes, F ij (I; x) = 0.
In the quantum case, the quantum geometric tensor (2) is purely real and hence the Berry curvature (5) is zero, F (0) ij (x) = 0. Consequently, the classical and quantum curvatures are in complete agreement.
To conclude this example, we may point out that the resulting classical metric accounts for almost the entire parameter structure of the quantum metric tensor. Then here, as in the example of the linearly coupled harmonic oscillator, the parameter space of the associated classical system could in principle be employed to obtain information, or at least preliminary information, about quantum entanglement.
D. Singular Euclidean oscillator
Here we consider the model of a singular oscillator on the two-dimensional Euclidean space, whose Hamiltonian is given by
with x = {x i } = (ω, α) (i, j, . . . = 1, 2) the adiabatic parameters. This system is also known in the literature with the name of "isotonic oscillator", and is of special interest since it shares some properties with harmonic oscillator. Furthermore, it is has been investigated in supersymmetric quantum mechanics [46] and quantum rings (semiconductor ring-shaped systems) [39] . It should also be pointed out that the non-adiabatic Berry phase of this system was calculated in Ref. [47] and its nonadiabatic Hannay angle in Ref. [48] .
In polar coordinates, this Hamiltonian reads
where the angular momentum p θ is a constant of motion.
To have orbits with a fixed energy E we assume E > ω p 2 θ + α 2 . The functions O i (t) for this system are
To obtain the functions λ i (t), it is convenient at this point to introduce the action-angle variables. For the singular Euclidean oscillator, these variables are well known and read (see, for example, Ref. [39] ):
wherep θ = p 2 θ + α 2 . Notice that the energy in terms of action variables can be written as
Now, solving Eq. (78d) for r and writing φ r = ω r t − β where ω r = ∂E/∂I r = 2ω and β is a constant, we have
from which it follows that
It remains to express β in terms of the initial conditions. By setting r 0 = r(t = 0) and p r0 = p r (t = 0), we get
Thus, substituting (80) with (82) into (77), we find the functions λ i (t):
Furthermore, the initial conditions, r 0 and p r0 , in terms of initial action-angle variables, φ r0 = φ r (t = 0) and I r (≡ I r (t = 0)), are
wherep θ = I 2 θ + α 2 and E is given by Eq. (79). Then, using these expressions, Eqs. (83a) and (83b) become
where a = 1 − ω 2p2 θ /E 2 with 0 < a < 1. We are now in a position to compute the classical metric (18) . Using Eqs. (85a) and (85b) and defining Λ ij := λ i (t 1 )λ j (t 2 ) − λ i (t 1 ) λ j (t 2 ) where f = 1 2π 2π 0 dφ r0 f , we find
with t 12 = t 1 − t 2 . The components g 11 and g 12 of the classical metric are then obtained by substituting Eqs. (86a) and (86b), respectively, into Eq. (18), and using (29a). By doing so, we obtain
The component g 22 follows by substituting Eq. (86c) into Eq. (18) . After some algebra, we get
To deal with this integral, let us consider the Fourier expansion of the function f (T )
By plugging (90) with T ≡ t 12 into Eq. (89) and using Eq. (29a), we arrive at
where in the last line we have used the series representation of the quadratic Bernoulli polynomial,
, 0 ≤ z ≤ 1. After solving the integrals above, the expression for the component g 22 is:
where Li 2 (z) is the dilogarithm function. With these results at hand, it is straightforward to show that the determinant of the classical metric is
(94) We want now to compare the components of the classical metric with those coming from the quantum metric tensor. However, in this case, instead of using the Eq. (4), we use the following expression for the quantum metric tensor [7] :
where |ψ 0 is the ground eigenstate. For the singular Euclidean oscillator, the Schrödinger equation is
and the associated (normalized) wave function of the ground-state is
where Γ(z) is the gamma function. Furthermore, the ground state energy is given by E 0 = (α + )ω. Plugging Eq. (97) into Eq. (95), we arrive at the following components for the quantum metric tensor:
22 (x) =
is the trigamma function. Note that for any α, this metric has a nonvanishing determinant
By comparing g 11 (I; x) with g
11 (x) as well as g 12 (I; x) with g (0) 12 (x), it is readily seen that these components are related through Eq. (17), provided that the following identifications hold: I r = /2, I 2 r = 2 /2, and I θ = 0. Now, the expansion of g 22 (I; x) up to second order in I r together with the use of these identifications gives
while the expansion of 2 g
22 (x) up to second order in leads to
Then, by comparing Eq. (102) with Eq. (103), it follows that g 22 (I; x) and g
22 (x) satisfy the relation (17) (with the associated identifications) only when we retain terms to first order in . The discrepancy in terms of order two (or higher) in may be a consequence of the fact that the quantum metric tensor takes into account loop integrals, whereas the classical metric does not. It is also worth comparing the determinants of these metrics. Using the previous identifications and Eq. (102), the determinant of the classical metric correct to third order in is det[g ij (I; x)] = 3 /64αω 2 , whereas the analogous expression for quantum metric is
2 . This shows that both determinants agree up to the second order in .
We conclude this example by computing the classical and quantum curvatures. The expression (20) for the classical curvature requires the evaluation of the non-equal-time Poisson bracket {λ 1 (t 1 ), λ 2 (t 2 )} (r0,pr0) . However, on account of the canonical invariance of the bracket, we can use φ r0 and I r instead of r 0 and p r0 . Taking advantage of this and using (85a) and (85b), we have
Here, we omitted the derivatives with respect to φ θ0 = φ θ (0), since λ i (t) do not depend on it. The average of Eq. (104) yields
Thus, plugging this expression into Eq. (20) and bearing in mind Eq. (29b), we find that the classical curvature vanishes, F 12 (I, x) = 0. On the quantum side, by writing the Berry curvature as
and recalling that ψ 0 (r, θ) is a real wave function, it is straightforward to see that F
12 (x) = 0. Therefore, the classical and quantum curvatures are in complete agreement.
E. Spin-half in a magnetic field
In our final example, we would like to show how our approach can also be applied to deal with a classical system corresponding to a quantum system with fermions. To this end, we choose the system of a particle with spin 1/2 in a magnetic field B = (B 1 , B 2 , B 3 ) . The Hamiltonian readsĤ
where σ = (σ 1 , σ 2 , σ 3 ) is a three-vector of Pauli matrices and x = {x i } = (B 1 , B 2 , B 3 ) (i, j, . . . = 1, 2, 3) are adiabatic parameters. This system was used by Berry [1] with the purpose of illustrating the existence of the geometrical phase, while its classical counterpart was addressed by Gozzi et al. [29, 30] , who calculated the corresponding Hannay angle. Recently, experimental measurements of the quantum metric tensor and the full quantum geometric tensor in two-level systems described by Eq. (107) were reported in Refs. [49] and [50] , respectively (see also [51, 52] ). Following Ref. [30] , we introduce two complex Grassmann variables {ψ a } (a, b, . . . = 1, 2) satisfying ψ a ψ b + ψ b ψ a = 0, and write the Hamiltonian of the classical associated model as
where ψ = (ψ 1 , ψ 2 ) T is a Grassmann vector and
is a parameter-dependent Hermitian matrix. From Eq. (108), it is direct to see that the functions O i (t) are given by
Next, we need to obtain the functions λ i (t). However, to do this, it is necessary first to write Eq. (110) in terms of normal modesψ. Let us consider the transformation
where U is a parameter-dependent unitary matrix given by
and such that
with B = (B and the functions O i (t) take the form
where we have defined the matricesσ i := U † σ i U , which can be written as
Now, defining the Poisson brackets with respect to the variables (ψ a ,Π a ) as
where ← ∂ and → ∂ denote the right and left derivatives, the equations of motion turn out to beψ a = {H,ψ a } (ψ,ψ † ) = −iΩ aψa andψ * a = {H,ψ * a } (ψ,ψ † ) = iΩ aψ * a , and have the solutions
whereψ a0 =ψ a (t = 0). Consequently, the action-angle variables (φ a , I a ) are given by
with φ a0 = φ a (t = 0), which allows us to cast the Hamiltonian into the form H = Ω 1 I 1 +Ω 2 I 2 . Hence, the normal modes in terms of initial variables and time read
Inserting Eq. (119) into Eq. (114), we arrive at
whereσ iab are the components of the matrices (115). Now we have all the ingredients we need to compute the classical metric. Considering that the only dependence on φ a0 in Eq. (120) is through e i(φa0−φ b0 ) and using f = 
i21σj12 , (121) where t 12 = t 1 − t 2 , and we have used e i(φa0−φ b0 ) = δ ab and e i(φa0−φ b0 +φc0−φ d0 ) = δ ab δ cd + δ a1 δ b2 δ c2 δ d1 + δ a2 δ b1 δ c1 δ d2 . Then, plugging Eq. (121) into Eq. (18) and integrating, we arrive at the classical metric
which can be written in matrix form as
(123) Notice that this metric can be simplified considerably if we perform a simple change of coordinates. Writing the magnetic field in spherical coordinates as (B 1 , B 2 , B 3 ) = B(sin θ cos ϕ, sin θ sin ϕ, cos θ), choosing y = {y i } = (B, θ, ϕ) as the adiabatic parameters, and recalling that g ij (I; x) transforms as a tensor [28] , this classical metric takes the form 
As it is customary, at this stage we compare the classical metric with its quantum counterpart. In the quantum setting, a spin 1/2 particle is a system described by a two-dimensional Hilbert space spanned by the eigenstates with spin projections +1/2 and −1/2, which means that in this case we have two quantum metric tensors, namely g ′ (+) ij (y) and g ′ (−) ij (y). Such metrics are well-known in the literature [8, 53] , and are given by
where y = {y i } = (B, θ, ϕ) are the adiabatic parameters. By comparing Eqs. (124) and (125), we can see that the metrics are related as follows:
Therefore, the whole parameter structure of the quantum metric tensors is captured by the classical metric, modulo an appropriate quantization rule for the action variables.
On the other hand, it is worth noting that these metrics have vanishing determinants and rank two, which implies that one of the parameters is redundant and can be treated as a constant. If, for instance, instead of taking y = {y i } = (B, θ, ϕ) as the adiabatic parameters, we say that z = {z
are the adiabatic parameters and consider that B is a nonvanishing constant, then resulting classical metric is
which has a nonzero determinant. By the way, g i ′ j ′ (I; z) is-up to a minus sign-the standard metric on the surface of a sphere with radius R = (I 1 I 2 /2) 1/2 . We now turn to the calculation of the classical curvature. The non-equal-time Poisson brackets between λ i (t 1 ) and λ j (t 2 ), with respect to the initial variables (ψ a0 ,Π a0 ), yields
Taking the average over the fast variables of Eq. (128), we obtain
Finally, plugging Eq. (129) into Eq. (20) and integrating, we arrive at the classical curvature
which can be written as
These components are precisely the same as those obtained in Ref. [29] , using the standard expression for the curvature of the Hannay connection. It is worth noting that, in spherical coordinates y = {y i } = (B, θ, ϕ), the only nonvanishing component is
In the quantum setting, the system has two Berry curvatures, F (+) i,j (y) and F (−) i,j (y), which are also wellknown [1, 53] , and have the non-zero components
By comparing Eqs. (132) and (133), it is straightforward to see that the relationship between the classical and quantum curvatures is
In this way, we have seen in this example that our expressions for the classical metric and curvature in the parameters space, namely Eqs. (18) and (20) , can be applied not only to typical integrable systems but also to Grassmannian models corresponding to quantum systems with fermions, leading to the expected results. It should be pointed out that this is the first time that the classical analog of the quantum metric tensor has been determined for a system involving fermions. In this sense, this example serves as a warm-up for more realistic systems.
V. CONCLUSIONS
We have introduced new expressions for the curvature of the Hannay connection and the metric proposed in Ref. [28] , which are the classical counterparts of the Berry curvature and the quantum metric tensor, respectively. Furthermore, we have established the semiclassical relation between the quantum metric tensor and the classical metric proposed in Ref. [28] . The new expressions, as well as the semiclassical relation, were obtained by performing a semiclassical approximation of the quantum metric tensor and the Berry curvature in the Lagrangian formalism. A distinguishing feature of our approach to obtain the classical metric is that it can be applied to a wide variety of systems, even those whose quantum counterpart involves fermions, and without prior knowledge of any generating function.
We have shown the applicability and validity of our approach in five different systems. For the generalized harmonic oscillator, we have seen that the approach yields the already known expressions for the classical analogs of the Berry curvature and the quantum metric tensor and that the semiclassical relation between the classical and quantum metrics is satisfied. In the case of the symmetric coupled harmonic oscillators, the resulting classical metric and curvature have precisely the same structure as their quantum counterparts, while in the case of the linearly coupled harmonic oscillators, the classic and quantum metrics differ by one term, which is a consequence of a quantum anomaly that arises from the ordering of the operators. Regarding the singular Euclidean oscillator, our analysis has shown that the classical and quantum metrics agree to first order in , which is somehow expected since the classical metric only has treelevel contributions and the quantum metric involves loop corrections. This result is remarkable since the singular Euclidean oscillator involves a potential that cannot be treated in a perturbative way using standard procedures. Finally, for the system of a particle with spin 1/2 in a magnetic field, we have shown how our approach can be extended to deal with Grassmannian models corresponding to quantum systems with fermions. In this case, the classical curvature obtained from our approach is the same as that found by Gozzi et al. [30] using the standard expression, and the classical metric turns out to have the same structure as its quantum counterpart. As has been mentioned, in all the systems that were presented, in order to satisfy Eq. (17), we needed to adjust the quantization rule for different powers of the action variables to some numerical coefficients. This can be thought to be analogous to what happens in Ref. [54] , where the algebraic 'classical' procedure to find all the possible anomalies in Yang-Mills theory, matches the quantum result only up to numerical coefficients.
It is important to point out that we have not found in the literature any study on the Berry curvature, the quantum metric tensor, or their classical counterparts for the cases of the symmetric coupled harmonic oscillators, the linearly coupled harmonic oscillators, and the singular Euclidean oscillator. The same follows for the classical metric of the system of a spin-half in a magnetic field. Thus, the expressions that we have obtained here for these classical and quantum geometrical structures are new and can be used to further investigate the nature of the parameter spaces of the corresponding classical and quantum systems. For instance, it is interesting to note that the classical metric associated to the symmetric coupled harmonic oscillators can be split as the sum of two parts, each of which involves only one action variable of the uncoupled subsystems. This separability property is not present in the case of the linearly coupled harmonic oscillators, which may suggest that this system could be more 'entangled' than the symmetric coupled harmonic oscillators.
In summary, for all the systems analyzed in this paper, the resulting parameter structure of the classical metrics and curvatures are the same or almost the same as those of their corresponding quantum counterparts. Therefore, our study of the parameter space of a classical integrable system, which is purely classical since it only involves averages over classical (angle) variables and does not require any prior knowledge of the quantum system Hilbert space, reveals that this space captures all, or at least a good part of, the information that can be extracted from the parameter space of the associated quantum system. This means, for instance, that the parameter space obtained in the classical setting may be used to gain a first insight into quantum phase transitions or quantum entanglement. This shows the importance of this space, and that it is worth studying.
In this sense, it will be very interesting to apply our approach to other more realistic systems such as those of condensed matter physics where the Berry curvature and the quantum metric tensor play an important role, in particular, toward understanding the existence of tensor monopoles in the parameter space [13] . In this line of work, it would be also interesting to analyze, from the point of view of the parameter space in the classical setting, the effect of a quantum dissipative environment on a fermionic system [55] . Furthermore, in the context of many-body systems, the quantum metric tensor can be related to the mean-square fluctuation of the macroscopic bulk polarization in insulators [56] . In this line of work, it would be interesting to extend our classical metric to many-body fermionic systems using Grassmann variables and see whether it can predict similar results to those of the quantum case. In the same spirit, we could try to analyze a Bose-Einstein condensate in the mean-field approximation using the Gross-Pitaevskii equation. There exists a mixed quantum-classical approach where one can resort to a type of action-angle variables and compute both Hannay angle and Berry phase [57] . However, in purely classical terms, the Inverse Scattering Transform (IST) is known to provide the interpretation that some nonlinear partial differential equations are Hamiltonian systems where the IST can be thought of as a canonical transformation to action-angle variables [58] . This suggests that we could use our procedure, once it has been properly generalized to an infinite number of degrees of freedom, to compute our classical metric and see whether it contains information regarding the quantum aspects of the condensate. Finally, it would also be worth exploiting the extension of our approach to the classical analog of the non-Abelian quantum metric tensor [59] , and classical systems with chaotic dynamics [60] .
